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Metasurfaces have emerged as a promising technology for the manipulation of electromagnetic waves within
a thin layer. In planar ultrathin metasurfaces, there exist rigorous narrowband design methods, based on the
equivalent surface impedance of patterned metallic layers on dielectric substrates. In this work, we derive
a limit on bandwidth achievable in these metasurfaces, based on constraints that their meta-atoms should be
passive, causal and lossless, and that they should obey the time-bandwidth product rules of a single resonance
structure. The results show that in addition to elementary design parameters involving variation of the surface
impedance, the bandwidth is critically limited by the dielectric substrate thickness and permittivity. We then
propose a synthesis method for broadband ultrathin metasurfaces, based on an LC resonance fit of the required
surface impedance, and experimentally verify a broadband dispersive structure at millimeter-wave frequencies.
This results in a bandwidth enhancement of over 90%, relative to a reference metasurface created with the
narrowband design process.
I. INTRODUCTION
Metasurfaces are a unique type of metamaterial, where con-
trol of propagating waves can be achieved with thin layers of
scatterering elements. A common metasurface architecture is
based on patterned metallic layers, where the use of equivalent
surface impedances enables robust design methods which can
realize essentially arbitrary wavefront manipulation functions
[1–4]. Utilizing this architecture, a single resonant response
is typically exploited to introduce abrupt phase changes of the
radiating wave over the full 2pi range. By detuning individual
elements (known as meta-atoms) to engineer their phase shift
(or equivalently, their surface impedance), efficient wavefront
control can be achieved, but it is often limited to a narrow
bandwidth around the design frequency.
Techniques to overcome the bandwidth limitations of meta-
surfaces can be divided into broadband dispersive and achro-
matic approaches. In the broadband dispersive approach,
the reflection or refraction angle is allowed to vary with fre-
quency, while the specular reflection and unwanted diffraction
orders are suppressed over a significant bandwidth [5–9]. In
the achromatic approach, a fixed reflection or refraction an-
gle is maintained over the operating bandwidth by engineering
the group delay spatially across the metasurface [10–14]. To
achieve large variation of phase delay or group delay, optical
metasurfaces often utilize pillars of dielectric with thickness
comparable to the operating wavelength [15–17]. These struc-
tures can be understood as short sections of waveguide, where
significant delay can be achieved by sacrificing the require-
ment for sub-wavelength thickness. For infrared and optical
wavelengths, the resulting dimensions are compatible with
fabrication technology, however, at lower frequency ranges
the required structures would be heavy, complex to fabricate,
and difficult to integrate with electronic components. There-
fore, the use of patterned metallic structures is more favorable
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for microwave, millimeter-wave and terahertz regimes.
Strategies to increase the bandwidth of metallic meta-
surfaces with planar architectures include the use of multi-
resonance structures and thicker dielectric substrates. Multi-
resonance structures have been studied in various forms, in-
cluding a combination of dipoles and rings [18, 19], multiple
dipoles in parallel [20], and stub-loaded dipoles [8]. Most
of these multi-resonance structures are designed using ad-hoc
methods of simulation and optimization. Another approach to
increase the bandwidth of thin metallic metasurfaces is by in-
creasing the substrate thickness. In metasurfaces with metal-
lic layers and dielectrics, it is recognized that larger dielec-
tric thickness contributes to a lower radiative Q-factor and can
therefore enhance the operational bandwidth [21–24]. How-
ever, it has been shown that when the substrate thickness is
increased beyond a quarter wavelength, magnetic coupling
starts to reduce, and so does the achievable bandwidth [25].
The relationship between thickness and bandwidth has been
established for structures such as thin absorbers [26] and high
impedance surfaces [27, 28].
For gradient printed circuit metasurfaces, we previously es-
tablished that the aperture size and refraction angle limit the
bandwidth [29]. This work was based on the requirement that
the impedance functions must obey Foster’s reactance the-
orem, however the finite thickness of the substrate was ne-
glected. In Ref. 30 more general bandwidth limits were in-
troduced, based on the time-bandwidth product. Expressions
were derived for different classes of metasurface, concentrat-
ing on those most relevant for optical wavelengths, such as op-
tically thick dielectric wave-guiding structures. A single res-
onance limit was derived, which is more relevant for ultrathin
structures, however it did not consider the retardation required
to achieve a magnetic resonances, thus it did not show the in-
fluence of the substrate thickness. Therefore, it remains un-
clear how refraction angle, aperture size and substrate thick-
ness interact with each other in determining the upper limit on
the bandwidth of ultrathin metasurfaces, and whether there is
an optimal choice of substrate thickness.
In this paper we derive a bandwidth limit for a realis-
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2FIG. 1. Metasurface performing anomalous reflection under different scenarios: (a) broadband achromatic design (constant angle responses),
(b) broadband dispersive design (frequency dependent angle). The phase requirements are shown in (c) for broadband achromatic design and
(d) for broadband dispersive design. (e) Equivalent circuit of the meta-atom.
tic single resonance metasurfaces, starting from a surface
impedance model of printed circuit metasurfaces. In addi-
tion to the limit imposed by the reflection angle and aperture
size, we quantify the critical role of substrate thickness. We
show that although multi-resonance structures can increase
the phase coverage, simpler geometries such as dipoles or
nano-bricks can achieve similar bandwidth by choosing an
optimal combination of substrate parameters. We propose a
systematic method to design broadband metasurfaces, based
on fitting LC resonances to the required impedance functions.
We show that broadband anomalous reflection can be ob-
tained by simple dog-bone and inverse dog-bone structures.
We verify the design and synthesis procedure for a disper-
sive metasurface demonstrating anomalous reflection within
the W-band (75-110 GHz). The structures are fabricated us-
ing a commercial PCB fabrication process, and far-field angle-
resolved measurements are used to verify the improved band-
width of our design relative to a reference narrowband struc-
ture.
II. DESIGN OF BROADBAND METASURFACE FOR
ANOMALOUS REFLECTION
A. Achromatic and Dispersive Metasurface Designs
Here we consider two general approaches to generating
broadband anomalous reflection using ultrathin metasurfaces.
The first approach, the broadband achromatic design, is de-
picted in Fig. 1(a). The incident beam impinging upon the
metasurface at an angle of θi and reflected at an angle of θo
requires the metasurface to provide a phase discontinuity Φr
which linearly changes with position x and frequency ω , for-
mulated as [31],
Φr(x,ω) =
ωx∆θ
c
+Φ0(ω). (1)
Here, c is the speed of light in vacuum, ∆θ = sinθo− sinθi,
and Φ0(ω) is an arbitrary additional phase term independent
of x, which does not affect the reflection angle. To assist with
further calculation, the additional phase term is parameterized
as Φ0(ω) = ωt0, where t0 represents an additional group de-
lay. In the design of a broadband achromatic metasurface, in
addition to a center frequency ω0, a certain fractional band-
width ∆ω is chosen. As illustrated by Fig. 1(a), a broadband
incident beam is reflected into the same angle at all frequen-
cies. This operation requires the metasurface to have a distinct
phase profile for every frequency within its bandwidth of in-
terest, as shown in Fig. 1(c). Therefore, broadband achromatic
metasurfaces require a non-periodic structure and become in-
creasingly difficult to realize for large bandwidths and aper-
ture sizes.
Alternatively, using the second approach, broadband meta-
surfaces can be designed to direct energy into a chosen diffrac-
tion order with high efficiency over some bandwidth, corre-
sponding to a frequency-dependent reflection angle, as shown
in Fig. 1(b). In this approach, the metasurface is designed to
satisfy Eq. (1) at a chosen center frequency ω0 = 2pi f0, and
to maintain the same phase profile over the desired bandwidth
∆ω . This leads to a periodic reflection phase, with period X
given by
X =
λ0
sinθo− sinθi , (2)
where λ0 is the wavelength at the center frequency. The re-
flection phase of this dispersive design can then be expressed
as
Φr(x,ω) = 2pi
x
X
+Φ0(ω) (3)
This local reflection phase profile is shown in Fig. 1(d). We
see that the required phase gradient is no longer dependent
upon frequency, and the group delay imparted by the phase
profile is constant across all positions. Throughout this paper,
this second approach is referred to as broadband dispersive
design.
To implement the phase profiles given in Eqs. (1) and (3) we
consider a meta-atom consisting of a single patterned metal-
lic layer, separated from a metallic ground plane by a dielec-
tric substrate. The interaction of the incident and reflected
waves with the metasurface can be represented by a surface
impedance distribution, accounting for the ratio of electric
and magnetic field components tangential to the metasurface.
We consider the case of TE polarized incident and reflected
waves, with electric field in the y direction. The relationship
between the phase profile and the surface impedance can be
3specified as [4]:
Zsurf(x,ω) =− jZo cot(Φr/2), (4)
where Zo = η/cosθo is the impedance of the reflected wave
and η refers to the free space impedance. An equivalent cir-
cuit can be introduced to obtain the required impedance of the
patterned metallic layer, facilitating the unit-cell design pro-
cess. As shown in Fig. 1(e), each meta-atom is described as a
shunt impedance Zms loading a transmission line, which rep-
resents propagation through a dielectric substrate of thickness
d. The other port of the transmission line is grounded [32],
representing the continuous metallic ground plane. From the
transmission line’s ABCD transfer parameters, we can relate
Eq. (4) to the impedance requirement of the patterned metallic
layer, formulated as
Zms =
ZoZs tan(ωts)cot(Φr/2)
jZs tan(ωts)+ jZo cot(Φr/2)
. (5)
Here, propagation through the substrate is expressed as
a time delay ts =
√
εsd/c and the substrate impedance is
Zs =
√
µ0
ε0εs
= η√εs , and ε0 and µ0 are free space permittiv-
ity and permeability. We assume that the substrate thickness
d and permittivity εs are specified, based on the properties of
available materials. The impedance given by Eq. (5) is purely
imaginary, and can be calculated over the entire bandwidth
of interest ∆ω . In Fig. 2(a) and (b), we plot the reactance
Xms = imag(Zms) as a function of both frequency and posi-
tion, whereas in Fig. 2(c) and (d), we plot Xms as a function of
frequency at selected positions (x/X = 1,2,3).
Based on the stipulation of meta-atom layer impedances
Zms, a clear physical intuition of the required meta-atom ge-
ometry is be obtained. From Zms plotted in Fig. 2(c)-(d), we
see that resonant structures exhibiting poles and/or zeros in
their impedance are required. In the achromatic case, the re-
quired number of resonators increases for larger values of x
(i.e. for a larger aperture), as indicated by the increasing num-
ber of poles and zeros. In contrast, for the dispersive design,
the number of poles and zeros in the operating band remains
constant for any aperture size.
B. Bandwidth Limits of Single Resonance Meta-Atoms
The use of a single resonance meta-atom limits the band-
width achievable, since the constraints of passivity and causal-
ity prevent it to exhibit arbitrary variation of impedance Zms
with frequency. In Ref. 29 we previously derived band-
width limits for achromatic metasurfaces based on such ar-
guments, however the influence of substrate properties was
neglected. Following the approach of Ref. 30, we make use of
the time-bandwidth relationship for a single Lorentzian reso-
nance. When combined with the physical constraints of pas-
sivity and causality, the time-bandwidth relationship can be
used in defining more specific bandwidth limits, including
quantifying the influence of substrate parameters.
Derived from the single resonance Lorentzian model and
the temporal coupling mode theory, the coupling lifetime of
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FIG. 2. The required meta-atom layer impedance as a function
of both frequency f and position x for (a) broadband achromatic,
and (b) broadband dispersive designs. (c) The required meta-atom
layer impedance as a function of frequency for selected positions x
for broadband achromatic and broadband dispersive designs. X =
7.8mm is the period of metasurface for the center frequency f0 =
80GHz, with the designed anomalous reflection angle θo = 30◦ and
normally incident illumination. The substrate is 0.254 mm thick with
a relative permittivity of 3.
the resonance ∆T and the stored energy bandwidth ∆ω are
related by [33]
∆ω∆T = 2. (6)
In a meta-atom based on surface impedance approach, this
time-bandwidth restriction describes the limited ability of a
structure to match the required broadband surface impedance.
This limitation is inherent within a single resonance structure
since it can only exhibit a single pole or zero of impedance
within the considered bandwidth. From Eq. (6), the band-
width limit can be obtained when resonance lifetime ∆T is
specified. As detailed in Section I of the Supplementary Ma-
terial, we confirm that the resonance lifetime is equivalent to
the phase slope or group delay imparted by the meta-atoms,
written as
∆T =
∣∣∣∣dΦrdω
∣∣∣∣, (7)
Therefore, from the time-bandwidth product we obtain band-
width limits for dispersive and achromatic metasurfaces as
∆ω ≤ 2
t0
(Dispersive), (8)
∆ω ≤ 2
(t0 +∆θ∆x/c)
(Achromatic). (9)
We see that the limits for single resonance metasurfaces are
simple relations between the bandwidth and the additional
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FIG. 3. (a) The bandwidth limit for a dispersive metasurface case, shown for three dielectric constants (εs). It is normalized to the output angle
as ∆ω/(ωmin cosθo), and plotted as a function of substrate thickness d/λmin. The dashed line gives the approximate bandwidth limit from
Eq. (14) and the star markers indicate the the approximate thickness for maximum bandwidth dpeak from Eq. (13). (b) The bandwidth limit in
the achromatic metasurface case for a fixed substrate permittivity εs = 3 and output angle θo = 30◦. (c) A comparison of dispersive broadband
structures reported in the literatures (see Table I) with the approximate limit from Eq. (14). Circles indicate meta-atoms with single resonances
and triangles indicate meta-atoms with multiple-resonances. The red circle (d1) is the experimental result for our broadband design and the
blue circle (d2) is for our reference narrowband design, as outlined in Section III.
group delay parameter t0 that appears in the design. In the
achromatic metasurface case, in addition to t0, the group de-
lay is also dependent on the aperture size (∆x = xmax− xmin),
hence the limit is more stringent.
Since the additional group delay t0 is a limiting factor
on achievable bandwidth for both achromatic and disper-
sive metasurfaces, we must find the physical constraints on
this value. From the meta-atom impedances requirement in
Eq. (5), we can derive the minimum additional group delay
by considering that they should comply with Foster’s reac-
tance theorem, i.e. ddω Xms ≥ 0. This is equivalent to defining a
minimum additional phase Φ0 for a passive, causal and loss-
less realization, which was recognized in previous works on
broadband metasurfaces [14, 19, 34]. As detailed in Section
II of the Supplementary Materials, the minimum additional
group delay t0 for both the achromatic and the dispersive cases
is
t0 =
2Zots
Zs sin2(ωmints)
, (10)
where ωmin is the minimum operating frequency for a broad-
band metasurface with ∆ω = ωmax−ωmin. Substituting the
above equation into the achievable bandwidth in Eqs. (8) and
(9), we obtain the limits on the bandwidth relative to the min-
imum operating frequency.
∆ω
ωmin
≤ Zs sin
2(ωmints)
Zoωmints
(Dispersive), (11)
∆ω
ωmin
≤ 2Zoωmints
Zs sin2(ωmints)
+2pi ∆xλmin∆θ
(Achromatic). (12)
In Fig. 3(a) we plot the bandwidth limit given by Eq. (11)
for the dispersive case as a function of normalized substrate
thickness d/λmin, for several values of substrate permittivity
εs. Here, λmin refers to the wavelength at the minimum op-
erating frequency (2pic/ωmin). To show results for all reflec-
tion angles, we incorporate the output angle θo into a normal-
ized bandwidth ∆ω/(ωmin cosθo). In Fig. 3(b), the bandwidth
limit ∆ω/ωmin is shown for the achromatic case. In contrast
to the dispersive case, the aperture size ∆x plays a role, so we
plot the bandwidth as a function of both aperture size ∆x/λmin
and substrate thickness d/λmin. Note that the bandwidth limit
in Fig. 3(b) is shown for a fixed value of output angle and
substrate permittivity.
We see that both Eq. (11) and (12) give limits inversely
proportional to the substrate thickness, therefore a broadband
metasurface cannot be infinitesimally thin. However, both
equations include a sine-squared function of substrate thick-
ness, meaning that substrate thickness cannot be increased ar-
bitrarily to increase bandwidth. From Fig. 3(a) we see that the
bandwidth oscillates with the thickness, and has a maximum
value that depends on the substrate permittivity. The maxi-
mum value can also be seen for achromatic metasurfaces as
shown by Fig. 3(b). We have confirmed that the peak for the
achromatic case occurs at the same thickness value as in the
dispersive case. The maximum bandwidth is obtained when
the thickness reaches dpeak, corresponding to the first peak of
the oscillation. Since it is clear that the peak comes from the
sine function, we expect the peak of the full limit to occur
when ωmints ≈ pi2 , leading to
dpeak ≈ λmin4√εs (13)
Equation (13) predicts that the maximum bandwidth is ob-
tained when the substrate’s thickness is a quarter wavelength
in the substrate material. For each curve in Fig. 3(a), dpeak is
plotted with a star marker, corresponding closely to the peak.
This result is consistent with previous studies on similar pla-
nar metallic architectures, showing that magnetic coupling be-
gins to reduce beyond a quarter wavelength thickness [25].
Since the maximum bandwidth in Eqs. (11) and (12) occurs
at low to moderate values of substrate thickness and permittiv-
ity, we can simplify these expressions by considering d and εs
to be small (i.e. ωmints 1). Approximating the sine function
5TABLE I. Comparison of various types of resonance implementation for broadband dispersive metasurfaces.
Column (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11)
Meta-atom structures Resonance type θo λmin d εs d/λmin dpeak/λmin ∆ωωmin
∆ω/ωmin
cos(θo)
∆ω/ωmin
cos(θo)(d/λmin)
a. Single dipoles & loops [18] Multiple 30 30.769 mm 1.500 mm 2.20 0.049 0.17 0.154 0.178 3.65
b. Nano-bricks [7] Single 45 900 nm 50 nm 4.87 0.056 0.11 0.125 0.177 3.18
c. Nano-bricks & crosses [35] Single 33.7 900 nm 50 nm 3.90 0.056 0.13 0.178 0.214 3.85
d1. LC resonances (this work) Single 30 4 mm 0. 254 mm 3.00 0.064 0.14 0.200 0.231 3.64
e. Multiple loops & dipoles [19] Multiple 15 1.5 mm 0.120 mm 2.50 0.080 0.16 0.500 0.518 6.40
f. Stub-loaded dipoles [8] Multiple 9.5 0.33 mm 36.000 µm 2.33 0.109 0.16 0.264 0.267 2.45
g. Stacked dipoles & rings [36] Multiple 34.61 27.27 mm 3.500 mm 2.20 0.128 0.17 0.364 0.442 3.44
h. Five parallel dipoles [20] Multiple 19.4 21.23 mm 3.175 mm 2.20 0.150 0.17 0.403 0.427 2.85
by its first order Taylor series yields
∆ω
ωmin
≤ 2pi d
λmin
cosθo (Dispersive), (14)
∆ω
ωmin
≤ 2λmin
d
1
pi cosθo +2pi
∆x
λmin
∆θ
(Achromatic). (15)
Equations (14) and (15) give simple relations between
bandwidth, thickness, reflection angle, and (for the achro-
matic case) aperture size. Note that the dispersive limit in
Eq. (14) has a similar form to the limits previously derived for
other broadband composite planar structures [27, 28]. How-
ever, Eq. (14) also includes the influence of the reflection
angle which is specific for metasurfaces involving wavefront
manipulations. The approximate limit for dispersive metasur-
faces is plotted as a dashed line in Fig. 3(a), showing good
agreement with the exact expressions. Consistent with pre-
vious studies, we note that this approximate expression is
independent of the substrate permittivity εs. However, the
validity of the approximate expression becomes worse for
higher value of substrate permittivity. Although a thicker and
lower substrate permittivity has the highest possible band-
width, it should also be noted that a very low dielectric con-
stant makes it more difficult to realize meta-atoms with highly
sub-wavelength resonances.
In Fig. 3(c) we compare the performance of several dis-
persive metasurfaces reported in the literature [7, 8, 18–
20, 35, 36] with our approximate limit (dashed line). To ob-
tain fair comparison over different reflection angles, we plot
the normalized bandwidth ∆ω/(ωmin cosθo). Details of each
structure are outlined in Table I. This comparison shows that
larger thickness can allow a more broadband metasurface,
while as expected, none of the presented metasurfaces use
thickness larger than the quarter wavelength limit (see Col-
umn 8 of Table I). We also notice that even though some
of the presented metasurfaces are based on multi-resonance
structures, when we normalized the contribution of thickness,
in some cases their bandwidth performance is exceeded by
single resonance structures (see Column 11 of Table I). In
Section III we design a metasurface based on appropriate tai-
loring of single resonance structures that can yield wide band-
width without requiring multi-resonance structures. The mea-
sured bandwidth of our broadband metasurface is plotted as
a red dot (d1) in Fig. 3(a). We see that the bandwidth of d1
approaches g and exceeds a, both of which use more com-
plicated multiresonance structures for their realizations. For
comparison purposes we also show results for our reference
narrowband structure with the blue dot (d2).
C. Realization of Broadband Impedance
Having determined the meta-atom layer impedance profile
for broadband operation, it is required to translate the abstract
impedance functions into realistic metallic structures. Sev-
eral works have shown this impedance translation procedure,
however, they rely on numerical optimization tools and con-
sider only narrowband operation [2, 37]. To efficiently real-
ize a broadband metasurface, a more general approach for fit-
ting the impedance over a broad frequency range is required.
Here, we introduce a method of fitting the surface impedance
to an LC resonant circuit. By evaluating the required surface
impedance, we can decide a suitable implementation of the
meta-atom LC resonance based on how close it is to the pole
or zero of impedance Zms. Further details on this point are
given in Section III of the Supplementary Material.
To facilitate the design of realistic structures, we find the
series inductance (Ls) and capacitance (Cs) required for the
LC-series implementation. The general solution for the LC-
series reactance is
X(ω0) = ω0Ls− 1ω0Cs (16)
X(ω0) is the imaginary part of impedance at the center fre-
quency (ω0) stipulated by Eq. (5). To obtain a solution for
two variables (Ls and Cs) an additional equation is needed.
From Eq. 16 we can calculate the derivative of the reactance
at ω0, which is related to the inductance and capacitance as
dX(ω0)
dω0
=
1
ω20Cs
+Ls (17)
Solving equations (16) and (17) gives the following solutions
for the series LC circuit elements
Ls =
X(ω0)+ω0X ′(ω0)
2ω0
(18)
Cs =
−2
ω0(X(ω0)−ω0X ′(ω0)) (19)
6FIG. 4. Required inductance and capacitance values (on a log-scale)
for different locations across each metasurface. (a,b) Broadband
achromatic design, (c,d) broadband dispersive design, (e,f) narrow-
band design. The red shading indicates a cell with a parallel LC
circuit implementation, the remaining cells are implemented using a
series LC circuit.
For impedance functions that are better fitted by a parallel LC
resonance, expressions for the inductance Lp and capacitance
Cp are obtained by stipulating susceptances (Bms = − 1Xms ),
where the poles of impedance are transformed into zeros. The
susceptance is fitted to a parallel LC resonance in a similar
manner to the series case, yielding
Cp =
B(ω0)+ω0B′(ω0)
2ω0
(20)
Lp =
−2
ω0(B(ω0)−ω0B′(ω0)) (21)
To design a benchmark narrowband structure, we work di-
rectly with a realistic structure to match the phase requirement
at a single frequency. This is equivalent to changing L and C
values to match the impedance in Eq. (16) but not its derivative
in Eq. (17). In Fig. 4, the fitted inductance and capacitance for
the broadband achromatic metasurface (a,b), are compared to
the broadband dispersive (c,d) and the narrowband case (e,f).
We use the design parameters outlined in Section II A with
period of X=7.8 mm and six meta-atoms per super-cell for
the periodic designs (meta-atom lateral size=1.3 mm). Meta-
atoms which require LC-parallel circuits for their realization
are indicated by red shading.
In Fig. 4, we see that for the achromatic metasurface, the re-
quired LC values are not periodic. For distances further from
the center, the inductance increases while the capacitance de-
creases. For both inductance and capacitance, the ratio be-
tween the smallest and largest values exceeds 103. This makes
achromatic metasurfaces with a large aperture very difficult to
realize, since fabrication tolerances and available space within
each meta-atom’s cell will limit the achievable values of in-
ductance and capacitance. In the broadband dispersive meta-
surface, the required LC values are periodic, with maximum
ratio between the smallest and the largest below 102. This
makes the broadband dispersive metasurface much easier to
realize than the broadband achromatic one. In the narrow-
band case, since the derivative of impedance is not taken into
account, only small changes in either inductance or capaci-
tance are needed, as depicted in Fig. 4(e,f). We will show in
the next section that this can be realized by changing only one
geometrical parameter of our chosen metallic structure.
III. SYNTHESIS OF SINGLE RESONANCE BROADBAND
METASURFACES
A. Meta Atom Design
To implement the series LC resonances we use dog-bone
structures and for the parallel resonances we use inverse dog-
bone structures. As shown in Fig. 5(a), the dog-bone structure
is an anisotropic capacitively loaded dipole [2, 38], whereas
the inverse dog-bone structure is an inductive grid with a
small metallic inclusion [39] as shown in Fig. 5(b). Simu-
lations are performed using the frequency domain solver of
CST Microwave Studio. To calculate the response of each
structure we use a locally homogeneous approximation, based
FIG. 5. Metasurface unit cell realization: (a) dog-bone structure,
having a series LC resonance (b) inverse dog-bone structure, having
a parallel LC resonance. (c) Capacitance and (d) inductance, ex-
tracted from the dogbone structure using numerical simulation with
varying parameter G and W. Red dots indicate the chosen dog-bone
implementation.
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FIG. 6. (a) Illustration of bi-static measurement with transmitter (Tx) and receiver (Rx) arms. (b) Photograph of the measurement setup.
(c) Zoomed photograph of the narrowband metasurface sample and (d) the broadband dispersive sample. (e) Schematic of all propagating
Floquet harmonics that occur in the measurement, with the results over the frequency range of 72-94 GHz are plotted in (f) for the broadband
dispersive design, and (g) for the narrowband design. Identical colors are indicated in (e) for each Floquet harmonics and simulations are
plotted in dotted-lines.
on unit-cell boundary conditions. From the reflection param-
eters, we calculate the effective metasurface impedance Zsurf
using Eq. (4). We then implement Eq. (5) in a post-processing
procedure to extract Zms automatically from each simulation
run. In this way, we obtain the impedance Zms as well as its
derivative at the operating frequency f0 = 80 GHz and can cal-
culate inductance and capacitance according to Eqs. (18) and
(19). In this LC extraction, we use normal incidence (θi = 0◦).
We have confirmed that there is minimal deviation of L and C
for θi ≤ 30◦, as detailed in Section IV of the Supplementary
Material.
Fig. 5 (c) and (d) depict how the dog-bone structure param-
eters G and W determine the capacitance Cs and inductance
Ls. The highlighted contours indicate capacitance and induc-
tance suitable for a broadband dispersive design. The chosen
W and G values for the corresponding unit cell implementa-
tions are indicated by red-dots and labeled by unit cell num-
ber UCn. From both figures, we see that the minimum ob-
tainable capacitance is slightly below 1 fF, and the maximum
obtainable inductance is around 1.4 nH. Although these val-
ues are within the range for the broadband dispersive design,
as shown in Fig. 4 (a,b), they do not cover the required in-
ductance and capacitance of the achromatic design, even for
a relatively small aperture of around 18 cells. Therefore, we
only attempt to realize the broadband dispersive metasurface,
as well as a narrowband metasurfaces to serve as a reference.
The narrowband design is implemented by changing the
gap G, to modify capacitance and inductance in accordance
with Fig. 4 (e, f). As can be seen from Fig. 5 (c, d), varying G
drastically changes the capacitance but only slightly changes
the inductance. On the other hand, varying W has very small
influence on the capacitance. Therefore, varying only the geo-
metrical parameter G can give full phase coverage at the center
frequency, leading to the narrowband inductance and capaci-
tance values plotted in Fig. 4 (e,f). The complete geometri-
cal parameters for the broadband dispersive and narrowband
metasurfaces are shown in the Section V of the Supplementary
Material.
B. Numerical and Experimental Verification
To verify the design procedure, we fabricate metasurface
samples for operation within the W-band (75-110 GHz) and
measure their far-field responses. We use standard commer-
cial printed circuit board (PCB) processing with an etching
resolution of 100 μm. The substrate is Isola ASTRA MT77
which has a dielectric constant of 3, a dissipation factor of
0.0017 and a thickness of 254 μm. Both metallic layers are
copper, with a thickness of 18 μm. The overall sample sizes
are 100 mm× 55 mm. Both, the broadband dispersive and the
narrowband designs were fabricated and a microscopy pho-
tograph of each design sample is shown in Fig. 6(c) and (d),
respectively. A bi-static measurement setup [40] operating at
W-band is used to characterize the metasurface samples, as
shown in Fig. 6(a) and (b). The receiver arm (Rx) can move on
a circle with a radius of 1 meter and the bistatic angle can be
varied from 25◦ to 335◦. The intensity of the Floquet harmon-
ics was determined using fine angular sweeps of the bistatic
angle analogous to the procedure reported in [41]. The proce-
dure involves four runs of far-field measurement as detailed in
Section VI of the Supplementary Material. The rotation has
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FIG. 7. Far field measurement results of F0 and F1 from (a) the
broadband dispersive metasurface and (b) the narrowband metasur-
face for three different frequencies.
0.1◦ precision, controlled automatically by an external com-
puter which also collects measurement data from the Vector
Network Analyzer (VNA). This angular precision is required
as the direction of propagation of Floquet harmonics changes
slightly within the frequency range of interest.
The propagating Floquet harmonics which may be reflected
from the metasurface are illustrated in Fig. 6(e), and all of
these were measured. The measurement results are plotted
in Fig. 6(f) and (g) for the broadband dispersive and narrow-
band metasurfaces respectively. They are normalized to re-
flection spectra from a metallic mirror having the same size as
the metasurfaces. We run a full-wave simulation using CST
Microwave Studio and the results for the specular reflection
(F0) and the desired diffraction order (F1) are plotted as dot-
ted lines. The metasurfaces were designed for 80 GHz center
frequency, however, we observe that the spectra are shifted
by around 2 GHz due to fabrication tolerances. The simula-
tion results plotted in Fig. 6 were calculated with the patterned
metallic layer scaled by 0.976 in the x and y axes, in order to
have a good match with measurement results.
Measurements of both structures show that the dominant
mode is the desired +1 diffraction order (F1). However, the
broadband design has a more stable amplitude, maintaining
a higher received power in a larger bandwidth. For the nar-
rowband design, we observed a faster reduction in amplitude
of the F1 mode as the frequency shifts further away from the
center. Additionally, the narrowband design has a faster in-
crease of undesired diffraction orders (F0 and F−2) away from
the center frequency, which compromise the anomalous re-
flection performance. We calculate the bandwidth over which
the desired reflection spectra is above -3 dB, with minimum
10 dB difference to other diffraction modes. In the broadband
design, the bandwidth is 15.03 GHz corresponding to a frac-
tional bandwidth (∆ω/ωmin) of 20.04%, whereas in the nar-
rowband design the bandwidth is 8.28 GHz corresponding to a
fractional bandwidth of 10.67%. These results are included in
Fig. 3(a) as a red dot (d1) for the broadband structure and blue
dot (d2) for the narrowband structure. These results confirm
that our structure is competitive with other designs, including
some which make use of multiple resonances.
The measured far-field pattern of the broadband dispersive
and narrowband metasurfaces are plotted in Fig. 7(a)-(b) for
three different frequencies. Each measurements is normalized
to its peak value. The incident angle is -15◦ and the desired
diffraction order is θo = 45◦. The specular reflection peaks are
at 15◦ and are indicated by F0. The broadband dispersive mea-
surements show specular reflection equal to or below −10 dB
at all frequencies, whereas the narrowband metasurface has
specular reflection of around −3 dB at 75 and 90 GHz.
IV. CONCLUSION
We have derived a limit on the achievable bandwidth for
ultrathin reflective metasurfaces based on arguments that the
meta-atoms exhibit single resonance and that they should be
passive, causal and loss-less structures. Two scenarios of
broadband metasurface were considered: the achromatic case,
which maintains identical functionality with frequency, and
the dispersive case, which gives a shift of beam angle, but is
much simpler to realize. We reveal that in both cases there is a
trade-off between substrate thickness and bandwidth in addi-
tion to the trade-off introduced by the angle of operation. The
limit predicts a maximum achievable bandwidth for a sub-
strate thickness of approximately a quarter wavelength, where
beyond this thickness, the bandwidth degrades. We collected
results from several other works in the literature, confirming
that they fall within our limit. In the achromatic case, a more
stringent limit applies, since the aperture size also contributes
to the achievable bandwidth.
Based on these fundamental relations, we developed a syn-
thesis procedure for single resonance broadband metasur-
faces. In realizing the metasurface, the required meta-atom
layer impedance is fitted using either a series or parallel con-
figuration of LC resonances, in which they are translated into
realistic structures using dog-bone or inverse dog-bone struc-
tures. We verified the proposed method experimentally at
millimeter-wave frequencies. The broadband dispersive meta-
surface achieves more than 90% increase of bandwidth com-
pared to the narrowband design, with 10 dB contrast between
the desired diffraction order and all other spurious orders. The
bandwidth of our structure was shown to compare favourably
with comparable broadband dispersive metasurfaces reported
in the literature. Since the presented procedure to obtain
broadband impedance is generic, it allows the implementa-
tion of other wave-front manipulation functions and is appli-
cable to other planar metallic meta-atom geometries, includ-
ing those suited for terahertz and infrared wavelengths.
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Supplementary Material for:
BANDWIDTH LIMIT AND SYNTHESIS APPROACH FOR SINGLE RESONANCE ULTRATHIN METASURFACES
I. RESONANCE LIFETIME AND META-ATOM GROUP DELAY
In our single resonance meta-atom, the reflection spectrum can be described by a Lorentzian function [33, 42], and the time-
evolution can also be described by temporal coupled mode theory [43, 44], formulated as
|a|2 = 1
(ω−ω0)2− γ2 , (S-1)
a(t) = a0 exp(iω0t)exp(−γt). (S-2)
where a is the field, a0 is a non-zero amplitude, ω is the excitation frequency, ω0 is the resonance frequency, and γ is the damping
parameter. From the Lorentzian distribution described in (S-1), we can readily get the stored energy bandwidth ∆ω , defined from
the full width half maximum of the resonance, as ∆ω = 2γ . From the temporal evolution of the resonance amplitude in (S-2),
we can obtain the resonance lifetime (∆T ), defined as the time it needs to reach |a0|e−1 from when the external excitation stops
(t = 0), as ∆T = 1/γ . Therefore, combining these two expression leads to the time bandwidth product of the single resonance
condition, presented in Eq. (6) of the main text [33].
In order to define the bandwidth limit of our meta-atom, we argue that the resonance lifetime can is identical to the group
delay of the meta-atom. To support this argument, we first refer to the definition of Q-factor. For a general resonance problem,
the Q-factor can be derived based on fractional bandwidth and frequency slope of the phase,
Q =
ωo
∆ω
, Q =
ω0
2
∣∣∣∣dΦdω
∣∣∣∣ (S-3)
From the Lorentzian resonance model and the resonance time-evolution described above, we can derive relationship between γ ,
∆ω and Q, as follow,
∆ω =
ωo
Q
= 2γ ⇒ γ = ωo
2Q
(S-4)
Therefore we have
∆T =
1
γ
=
2Q
ωo
=
∣∣∣∣dΦrdω
∣∣∣∣, (S-5)
which confirms that the resonance lifetime is indeed the meta-atom group delay, i.e. the frequency slope of the phase Φr.
II. DERIVATION OF MINIMUM ADDITIONAL GROUP DELAY t0
The transition from negative to positive derivative of reactance marks the boundary between the Foster and non-Foster region,
hence it determines the frequency range compatible with a passive, causal structure. It can be obtained by finding the zeros of
the frequency derivative of Zms
dZms
dω
= 0. (S-6)
Here, we apply this derivative operation to see the result in the dispersive metasurface case. The equation consists of four ω
functions including two cotangent and tangent functions in the numerator and denominator. We notice that the derivative over
frequency (ω) is a quotient and product rule problem in which each of the implementing operation requires the use of chain
rules. After replacing the cotangent with its tangent representation, we have,
dZms
dω
=
ZoZs
( 2Zots
cos2(ωts)
− 2Zots
sin2( pixX +
ωt0
2 )cos
2(ωts)
− Zst0
sin2( pixX +
ωt0
2 )
+ Zst0
sin2( pixX +
ωt0
2 )cos
2(ωts)
)
tan2(pixX +
ωt0
2 )
2(Zo +Zs tan(ωts) tan(pixX +
ωt0
2 ))
2
(S-7)
Since we want to know the condition for dZmsdω = 0, we seek the zeros of the numerator (having confirmed there is no contribution
from poles on the denominator). After simplifying, we have
2Zots sin2
(
pix
X
+
ωt0
2
)
−2Zots−Zst0 cos2(ωts)+Zst0 = 0 (S-8)
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Applying the identity sin2 x+ cos2 x = 1, we have
−2Zots cos2
(
pix
X
+
ωt0
2
)
+Zst0 sin2(ωts) = 0. (S-9)
Simplifying Eq. (S-9) leads to
2Zo
t0
cos2
(pix
X
+
ωt0
2
)
=
Zs
ts
sin2(ωts) (S-10)
Inspecting Eq. (S-10), we note that the term cos2
(pix
X +
ωt0
2
)
varies between 0 and 1 for any value of ω . Therefore, we set this
term to its maximum value of 1, which leads to the minimum additional group delay t0 presented in the main text. We repeat
the calculation for the broadband achromatic case and confirmed that the minimum additional group delay t0 also applies. The
value of t0 for the dispersive and achromatic case should be same if both are designed with the same substrate parameters and
reflection angles. Therefore, the derived minimum group delay t0, as presented in Eq.(10) of the main text, applies for both the
achromatic and the dispersive metasurface case.
III. LC-SERIES AND PARALLEL CONFIGURATION FOR META-ATOMS
To decide whether to use a series or parallel LC resonant equivalent circuit, we determine whether a pole or a zero is closest
to the center frequency. An example of this is depicted in Fig. S-1(c). Here, the pole is near the center frequency (f0), thus
fitting to a series resonance, even with both impedance and its derivative considered, gives an incorrect broadband profile, as
shown by the red curve. The reflection phase depicted in Fig. S-1(d) shows a large discrepancy between the designed phase
(dashed curve) and its LC-series fitting (red curve). A LC-parallel implementation gives better fitting to both the impedance
and reflection phase as depicted by the yellow curves in Fig. S-1(c) and (d). As shown in Fig. S-1(a), by appropriately tailoring
the series or parallel resonance according to the broadband dispersive design, the phase from the calculated transmission line
model (continuous curve) matches the designed phase profile (dashed curve). However, the phase obtained by the narrowband
approach as in Fig. S-1(b), matches the design only at the center frequency.
IV. LC EXTRACTION UNDER OBLIQUE INCIDENCE
Given the non-local response of the meta-atom, spatial dispersion can be observed and oblique incidence can influence the
extraction of LC parameters. A TE polarized wave incident upon the metasurface at non-normal angles will mainly contribute
to the changes of local magnetic field. Therefore, for dog-bone structures, non-normal incidence has minimal effects, as they
mainly interact with the electric field. For inverse dog-bone structures, non-normal angle of incidence has more pronounced
effects and can contribute to significant changes in the values of Lp and Cp.
Fig. S-2 shows simulation results of changing the incidence angle (θi) on the extracted L and C parameters from the dispersive
metasurface design. In both extractions, the dependency of ts and Zs on the angle of incidence has been taken into account. We
see that below 40◦, Ls and Cs deviates less than 25% for the dog-bone structures while for the inverse dog-bone structures, Lp
and Cp deviate almost 50% from their values at normal incidence. This confirms that the parallel-LC configurations interact
more strongly with the incoming magnetic fields.
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FIG. S-1. Reflection phase for six unit cells of the broadband dispersive metasurface, (a) fitting both the impedance and its derivative and
(b) fitting only the impedance (narrowband approach). The dashed lines show the target values, the solid lines show the fitted values. (c)
Comparison of the series and parallel fits to the impedance for one cell of the metasurface, along with (d) the corresponding reflection phase.
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FIG. S-2. Results from L and C extractions with variation of the incident angles in (a) dog-bone structure (b) inverse dog-bone structure.
V. DETAILS OF META-ATOM REALIZATION
The dog-bone and inverse dog-bone structures were simulated in CST, using a geometrical parameter sweep to create a look-up
table containing the extracted inductance and capacitance values. Based on the match to the required L and C, six geometrical
combinations for the meta-atom implementation were chosen. Table S-I shows details of the realized dog-bone and inverse
dog-bone structures for the broadband dispersive metasurface. Here, unit cell no. 3 is implemented using an inverse dog-bone
structure (parallel LC), while the rest are implemented using dog-bone structures (series LC). Note, that the initial look-up table
shown by Fig.5(c, d) of the main text uses T=1.2mm and S=0.15mm. In several meta-atoms, the parameter T has been adjusted
to account for the rounding effects (due to the etching resolution in fabrication).
For the narrowband metasurface, the meta-atom implementation only requires one geometrical sweep for the dog-bone struc-
ture. The vertical size of the meta atom in this narrowband design is Dy=1.08 mm, while for the broadband dispersive design it
is Dy=2 mm.
TABLE S-I. Dog-bone and inverse dog-bone (indicated by asterisk) geometrical parameters (in millimeters) for the broadband dispersive and
narrowband metasurface implementation. For the narrowband metasurface all meta-atoms are implementated as dog-bone structures.
Broadband Dispersive Narrowband
Cell No. G W T S G W T S
1 1.10 1.00 1.10 0.15 0.14 0.15 0.60 0.10
2 1.32 0.36 1.00 0.15 0.40 0.15 0.60 0.10
3* 1.20 0.65 1.50 1.05 0.45 0.15 0.60 0.10
4 1.35 0.80 1.00 0.15 0.48 0.15 0.60 0.10
5 1.24 1.20 1.20 0.15 0.52 0.15 0.60 0.10
6 1.17 1.20 1.20 0.15 0.67 0.15 0.60 0.10
VI. DETAILS OF MEASUREMENT PROCEDURE
The procedure for extracting Floquet harmonics involves four runs of far-field measurement, with four different incident angles
as shown in Table S-II. To account for the blind range of 50◦ due to the antennas that cannot overlap each other, non-normal
incident angles were used. These incident angles were chosen to ensure that the specular reflection and other Floquet harmonics
were well captured by the measurement system. Additionally, Fabry-Perot resonances between the sample and exciting antenna
were avoided by using these non-normal incident angles. As detailed in Sec. IV of the Supplementary Material, the use of
non-normal incidence below 30◦ has very little effects on meta-atom L and C values, which should yield small deviation in the
overall anomalous reflection performance.
TABLE S-II. Different incident angles used to measure all possible Floquet harmonics from the metasurface
Run θin Floquet Mode
1 -15 F0, F1
2 -5 F2
3 5 F−2
4 15 F−1
